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Computer-Assisted Proofs and
Hilbert’s 16th Problem



Some famous computer-assisted

proofs in analysis

o Universality of the Feigenbaum
constants
(O. Lanford, 1982)

o Proof of the Kepler conjecture
(T. Hales, 1998)

o The Lorenz strange attractor
(W. Tucker, 2002)

o Chaos in the
Kuramoto-Sivashinsky equations
(D. Wilczak, 2003)

o Equilibria in the 5-body problem
(A. Albouy and V. Kaloshin, 2021)

Computer-Assisted Proofs in Mathematics

Contributions of Computer Science

o Validated Numerics

o Floating-point Arithmetics and
Numerical Analysis

o Computer Algebra
o Approximation Theory
o Convex Optimization

o Formal Methods and Formal
Proof



Computational Challenge: Abelian Integrals

polynomial or rational functions

P (x,y)dy —Q (x,y)dx
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polynomial or rational functions

P (x,y)dy —Q (x,y)dx

oval H(x,y) = h with H polynomial or rational

r(h)

GOALS:

Very high accuracy
Efficient algorithm with quasi-linear complexity w.r.t. accuracy digits
Rigorous and tight error bounds

O O O O

Certified calculator checked by a proof assistant



Hilbert’s 16th Problem

Hilbert’s 16th problem (second part)
For a given integer 1, what is the maximum number H(n) of limit cycles
a polynomial vector field of degree at most 11 in the plane can have?

D. Hilbert, International Congress of Mathematicians, Paris, 1900
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e 1923: H. Dulac (incorrectly) proved that a
single polynomial vector field has a finite e

number of limit cycles

e 1981: Y. S. II"Yashenko found a major gap
in Dulac’s proof

e 1991: New proofs of Dulac’s result by Y. |
S. II'Yashenko and J. Ecalle

But even H{((2) < oo is open!
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Hilbert’s 16th problem (second part)
For a given integer 1, what is the maximum number H(n) of limit cycles
a polynomial vector field of degree at most 11 in the plane can have?

D. Hilbert, International Congress of Mathematicians, Paris, 1900

e 1923: H. Dulac (incorrectly) proved that a
single polynomial vector field has a finite e

number of limit cycles

e 1981: Y. S. II"Yashenko found a major gap
in Dulac’s proof

e 1991: New proofs of Dulac’s result by Y. A
S. II'Yashenko and J. Ecalle

e Buteven H{(2) < oo is open!

Some lower bounds:
H(2)=4,H(3) =213, H(4) > 28

> major role of computer-assisted proofs
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twenty-six limit cycles, Experimental
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Infinitesimal Hilbert’s 16th Problem and Abelian Integrals

Infinitesimal Hilbert’s 16th problem
Given n, what is the maximal number Z(n)
of limit cycles a perturbed Hamiltonian vector
field of the form:

{x:Hé(x,y} +eP(x,y)
y= HL(x,y)+eQ(x,y)

can have when ¢ — 0, with:

e H(x,y) apolynomial potential function
of degree n + 1

e P, Q polynomial perturbations of
degree n.
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twenty-six limit cycles, Experimental

Mathematics, 2011



Infinitesimal Hilbert’s 16th Problem and Abelian Integrals

Infinitesimal Hilbert’s 16th problem
Given n, what is the maximal number Z(n)
of limit cycles a perturbed Hamiltonian vector
field of the form:
{x = —H{(x,y) +eP(x,y)
Yy = H;(X»y) +eQ(x,y)

can have when ¢ — 0, with:

e H(x,y) apolynomial potential function
of degree n + 1

e P, Q polynomial perturbations of
degree n.

T. Johnson, A quartic system with ° Z(Tl) < oo foralln

twenty-six limit cycles, Experimental L
Mathematics, 2011 e Pessimistic upper bounds



Infinitesimal Hilbert’s 16th Problem and Abelian Integrals

Infinitesimal Hilbert’s 16th problem
Given n, what is the maximal number Z(n)
of limit cycles a perturbed Hamiltonian vector
field of the form:

{x:Hé(x,y} +eP(x,y)
y= HL(x,y)+eQ(x,y)

can have when ¢ — 0, with:

e H(x,y) apolynomial potential function
of degree n + 1

e P, Q polynomial perturbations of
degree n.

Poincaré-Pontryagin Theorem

Limit cycles when ¢ — 0 are given by the ze-
twenty-six limit cycles, Experimental ros of the Abelian integral:

Mathematics, 2011

T. Johnson, A quartic system with

I(h) :J P(x,y)dy — Q(x,y)dx
I'(h)



T. Johnson and W. Tucker’s Rigorous Subdivision Algorithm

Green’s theorem on J(h):

J P(x,y)dy —Q(XﬂJ)dX:J (Px(%,y) + Q (x,y)) dxdy
I'(h) D(h
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T. Johnson and W. Tucker. On a computer-aided approach to the computation of Abelian integrals (2011)
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Different Approches to the Computation of Abelian Integrals

e Green theorem + subdivision [JohnsonTicker2011]
e Rigorous integration along the vector field [CAPD, ...]

o D-finite (Picard-Fuchs) equation [LairezMezzarobbaSafey2019]



Different Approches to the Computation of Abelian Integrals

e Green theorem + subdivision [JohnsonTicker2011]
e Rigorous integration along the vector field [CAPD, ...]

o D-finite (Picard-Fuchs) equation [LairezMezzarobbaSafey2019]

Our approach:

o Validated algorithm in polynomial complexity w.r.t number of accuracy digits

= Higher-order method with Fourier series

o Formalizable in Coq in the short term
= A posteriori validation approach

= Keep the validation method as minimalist as possible



Rigorous Computation of Abelian Integrals
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H,h,P,Q,N
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Oval Approximation and Numerical
Quadrature



Numerical Computation of Abelian Integrals
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Numerical Computation of Abelian Integrals

H,h,P,Q,N

L J(h) = J Pdy — Qdx

x(t),y(t)

1. Initial guess

2. Refinement to target accuracy
using Newton’s method

~

_ 3. Trapezoidal quadrature rule




Initial Guess for the Oval

<——o

Parameterization of
I'(h) following the
rotated gradient:

{X = *H;(X»H)
y= Hi(xy)

Requierements:

o iterative scheme for moderate accuracy (e.g, Runge-Kutta methods)
o detection of the first return onto the transversal



Refining the Approximation with Newton’s Method
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Refining the Approximation with Newton’s Method

e Project each point w.r.t. the gradient
of H, with Newton’s method

e Parallelize Newton-Raphson
iterations for each point

e Very fast (quadratic) convergence

u=H (x,y) v=Hjxy)

SOLVE H(x 4+ su,y +sv) —h =0

H(x +su,y+sv) —h
uH/ (x + su,y + sv) + VH] (x + su,y + sv,
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Numerical Integration via Trapezoidal Quadrature Rule

N
Z x],y, (XJ»U))

Z|>—1
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Numerical Integration via Trapezoidal Quadrature Rule

Z|>—1

N
Z (x5, 5]y (X,»y))

Theorem (Euler-Maclaurin)

The trapezoidal quadrature rule:
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with t; = 27
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Numerical Integration via Trapezoidal Quadrature Rule

Z|>—1

N
Z (x5, 5]y (X,»y))

Theorem (Euler-Maclaurin)

The trapezoidal quadrature rule:

271
J fzij—ﬁ (f(;’) +f(t1)+~-+f(tj)+~--+f(tN,1)+f(tN))
0

with t; = 27

e converges in O(1/N?) for f analytic over [0, 27

e converges in O(e °N) for f analytic and periodic over [0, 27
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Numerical Example — What’s wrong?

Example (Johnson-Tucker)
9\° 117 16
H _ 2_ 7 2_ 7 —
() (X 10) +(y 10) =3
P(x,y) =xy® Qlx,y) =x"y?

= J(h) =1.5752210992246893 ...
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