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l. Positivity Problem



Examples

« [Straub, Zudilin 2015] Foralln € N,

s, = i (_27)n—k22k—n@ k > ()
— k13 \n—k

2(n+2)°s,,, =327n* +81n+62)s,,, — 813n+2)Bn+4)s,, sy=1, s, =12

Goal: Prove the positivity using the recurrence relation
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- [Gillis, Reznick, Zeilberger 83] For all r > 4,

1

— E d . . til,.. r
7 r 11,1,....1 7]

ForneN,d,, ,=0

)

Automatic proof up to order 6 [Kaures 2007

Automatic proofuptor =

|7 [Pillwein 2019

Conjecture proved [Yu 2019]
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P-finite sequences

* (u,),n 1S P-finite of order d if it is a solution of
PdUy, g =Py (MU gy + -+ + polmu, n € N pPa# 0

o If the (pi)fzo are constant, (u,), oy is C-finite.

Closure property:

(u,),, (v,), P-inite (C-finite) = (u,,v,),,, (u,, + v,),, P-finite (C-finite)
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Positivity Problem

Positivity problem:

Input: p,(mu, ;= pg_ (Wit q_y + -+ + po(ny,, p; € Q[n]
Uy, Uy .. iy € Q
Vne N,u, >07?

/ \  Let mbe the lcm of denominators of ¢;
and the initial conditions,

u, > v, =m'u, € 7
V2—1>0 = VneN, u, #0

Skolem Problem:

Input:cu, ., =c; (U, g1+ +col,, ¢; €Q

Ugy Uy 5 ..y Uy_; € Q
dneN,u, =07? ford < 4
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Motivations

Combinatorial inequalities

Gillis, Reznick and Zeilberger

L (4n — 3k)!1(4)*
u =Z(—1)k —EYYTY >0,neN

Numerical stability

----
""""""
‘‘‘‘‘

N -
N~ A
2 ~ -,
: <
~a, :."\-m T

Probability of collision between a

satellite and orbiting debris

D. Arzelier, F. Bréhard, M. Masson, J.-B. Lasserre, B. Salvy,
R. Serra 2023

Special functions inequalities

Turan's inequality

P (x)*—P, _,(x)P,,(x) >0, xe€(0,1)

Biology

Uniqueness of the Canham model
for biomembranes

Melczer, Mezzarobba 2022
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Il. C- finite sequences



Closed form

Calyrag = Ca—1Upqiq—1 T == T Coldy, Uy, Uy, oo Uy

d—1 k
21X =X =Y eX' =, JJX-™ secC
=0 =1

u, = Y q(mi', g, € Qlnl, deg(g) <m,
The g; depend on the initial conditions

Special case: 4, > | A, | = |45 ... = |4 |, m =1

How to check the positivity of (u,),,?

C-finite sequence

Characteristic polynomial

Closed form
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Decidability results

Calyrq = Cyg_1Upyq—1 T ==+ T Coly,

[Ouaknine, Worrell et al.] For C-finite sequences positivity is decidable in these cases:

ed<5

k
20 = cg| [ X = 2™
i=1

- deN,|4| > |4,| = - > |4,| and the initial conditions are generic

Hardness:

Open problems in diophantine

approximation

>

Reduction

Positivity problem for
d=06
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lll. Eigenvalues of a linear recurrence



Recurrence to matrix

P, g = Py (MU, g1 + -+ + po(nu,, p; € Q[n]

Let U, = (U, U, 1> .-, U,,41), then

0 1 0
0 0 1
Uyt =AU, = A--AO Uy Am=| "5 o

po(m)  pi(n)  py(n)

psn)  pn)  py(n)

Assumption1: A := lim A(n) € GL (Q)

n—0

The eigenvalues of the recurrence are the eigenvalues of the matrix A

Pa-1(n)
pa(n)
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Dominant eigenvalues

Ay, ..., A, are the dominant eigenvalues of A, or dominant roots of H (X — A)™

if 2] = 1] = - = 1A ] > Dy | 2 [Apanl = 2 |4y

The power method:

Assumption 2: 4; > |4, | > |A43] -+ > |4, |and 4, is simple (m; = 1)

AV =4V, Uy =la\Vi + a)Vy + -,

U, generic (a; # 0) 3

Un — AnUO — alllilvl + azllg‘/z"‘

n

Un 2
611/1? /1?
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IV. P-finite sequences



Leading coefficients in the closed form

The number of fragmented permutations of size n is ¢, /n!,

(n+2),.»,=02n+3)c,, —nc, cy=c =1

n’

n—3/4,2/n

CnN, o
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Previous works

PdmU, g = Py (MU, g1 + -+ + po()u,, p; € Q[n]

» [Gerhold-Kauers 2005 GK]: Find the first £ € N such that
d—1
(W, 20,0ty 2 0) = Uy = Z r{mu, ;2 0
i=0
Such £ does not necessarily exist

* [Kauers-Pillwein 2010]: By GK method find > 0, u, ., > fu, > 0.
d—1

Wy 2 Pty ooy Uy 2 Plly ) = Uy ipyg = Z )iy i 2 Pty g
i=0
Such £ does not necessarily exist

* [Melczer, Mezzarobba and others]: Analytic methods
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Decidability results:

R, = Pact(Wihyy_y + = + Po(mit,,  p; € QI

[Kauers-Pillwein 2010]: Under the following assumptions,

Assumption1: A := lim A(n) € GL (Q)

n— Q00

Assumption 2: A has one simple dominant eigenvalue

Assumption 3: U, is generic

positivity is decidable for d = 2, and subclasses of recurrences for d = 3
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V. New result



Our result

P = Pt (Dt gy + -+ + oMl p; € Q]

[1., Salvy 2024]: Under the following assumptions,

Assumption1: A := lim A(n) € GL Q)

n— Q0

Assumption 2: A has one simple dominant eigenvalue

Assumption 3: U, is generic

positivity is decidable for arbitrary order d.

Under these assumptions, we give an algorithm that proves positivity with
certificates
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Certificate: Data-structure for a proof by induction
0 1 0

0
a0 0 1 B
Input: A(n) = Sn—7 —Qn-1) 192455 Yo = (?)
60(n+ 1) 3(n+ 1) 12(n+ 1) )

1 —4 4
Output: Positive, T = (() -2 3), r = 6/5,ny = 80.
0O 0 1
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Verification steps

Uy = Wy Uy 15 Uy y2), Up g = AU,
1. Check by inductionthat U, € C,n > n,
U, € C,
Vn > ny, A(n)C, C C,
— Vn2>nyU, €C,

— Vn > nyu, >0

2.Check initial conditions:

u, >0, n < ng

— Vn2>0,u, >0
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8 2

' 5 5 5°°5 5 5 55 5

An)C.C C. < A(n)V € C, for all extremal vector V of C,

1.667

6 6 3051 + 1433
Example: ForV=| —,—,1 |, An)V=|( 1,1,
55 300(n + 1)

A(n)V € C, & All the following polynomials are positive

{1145n — 983,115n — 7781,115n + 3499,85n — 3299,395#n + 21827,365n + 15029}
—> n > 68

14y, 13y, 12y, 6y, 9y; 14y, ;3 6y, + 19y, S 24}’2}

5

16/33



VI. Convergence of the product of matrices



Generalised power method

Theorem [Friedland 2004]:

A, € GL,/(R),k e N

(AL}, > A#0 Assumption 2:
M > 4] = 4]

A has one simple dominant eigenvalue /;, and 4, is simple

. An...AlAO t p
— lim “A AA ” — Vlw , weR andAVI — ﬂ’lVI
n—0e0 n 4140

U

n

+1 — AnUn — AnAOUO

U
Corollary w'l, # 0 = lim —— = ¢V, ¢ # 0.

n—oo n

U, is said generic.
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Generic initial conditions

Assumption 3: U, is generic

Apéry’s recurrence:

O

03) =) 1

n=1

— ¢ Q

n3

n+2u,,,=R2n+3)17n* +51n+3%u,,, — (n + 1)°u,

A =17+ 124/2
Vo= (1,4),w = (1,6/£(3) = 5).
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Contraction of positive matrices

Theorem [Birkhoff 1957]
Ae R A >

—> A is a contraction in the positive projective space P,_;(R. ), for the
Hilbert metric dj,.

Perron-Frobenius: Let A > 0O,

ﬁ HVI > O, /11 > OlAVI — /11‘/1
Birkhoff

Forr > 1, let B, = B; (V|,logr) then AB, C é,,

Assume V; = (1,1,...,1),

B}" — {(x19x29 °°-9-xd) c R;ZO, Xl S ]"x]}
Extremal vectors:

{Vecvp,v. e {LrpI\{(L,...,1), (7, ..., 1)}
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Effective Friedland theorem

Assumption 2: A has one simple dominant eigenvalue 4,. AV, = 4,V,

J Friedland’s lemma

17 € GL ,(Q) such that TAT ' > 0
J Birkhoff’s theorem
Choose r|T~'B, c RY,. TAT'B, C B,
J An) - A
Im e N|TAn)T"'B. C B.,Vn > m
|
Am e N|Am)T'B.c T"'B. ,VYn > m

j Un+1 — A(n)Un

Va>m U e€T'B = U, , cT'B

{ Generically

|

dng 2 m|U, C T-'B,

\ 4

— d
Vn>ny U,Cc T7'B,C R?,

— Vn>ny, U, >0

/
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Algorithm 1

Soda’24
Input: A(n) € (Q[n])*™<,
U, € Q7
Assumption : A := lim A(n) € GL (Q)

n— o0

Assumption 2: A has one simple dominant eigenvalue 4,

Output: Positive (7, r, ny)/ Non Positive

1. Construct C. = T 'B, € Rio by computing 7 € GL,(Q)and r > 1 (V € C)).

Linear system in one variable (2¢ — 2 inequalities)

2. Findms.t.foralln > m,A(n)C. C C,
d(d — 1) inequalities € Q[n] for each border vector (2¢ — 2 vectors)

3.Findny 2 ms.t. U, € C.and U, > Oforn < n

21/33



Examples

® Straub, Zudilin 2014: d="2
2(n+2)%s,,, = 3QTn*+81n+62)s,,, —813n +2)Bn+4)s,, sy=1, s, =12

> PositivityProof(rec,s,n,27);

29
28 ==
27
true, | T= 55 ,m=1,r=o,n0=30
26 -—
27

d=3
* n+ Du, 3 =TTn/30+2u, ., +(—=13n/6 +3)u, ., + Gn/5+2u,, uy=1, u; = 15/14, u, = 8/7

> PositivityProof(rec,u,n,1);

54 —142 89
rue, | T=| 0 1 0 ,m=30,r=2—?,n0=
0 0 1

How to reduce n,?
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VIl. Matrices leaving a cone invariant



Jordan form

m(4;) = maximal dimension of the Jordan blocks of A containing 4,

Example: m(4,) = 3

25

A3

|
A3
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Perron-Schaefer condition

A € Ra’xd

k

w0 =lx-»pm iec
i=1

p(A) ;= max | 4|

Theorem [Birkhoff 1967, Vandergraft 1968]
There exists a cone K such that K # @ and AK C K if and only if

1. p(A) is an eigenvalue of A

2. 1f | A | = p(A) then m(4,) < m(p(A))

A(n) > Aand AK c K=3€ 3ny|A(W)K C K, n > n,
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Contraction

A€ Rdxd
k
wX =lx-pm iec

=1

p(A) := max | 4,

Theorem [Vandergraft 1968]
There exists a solid cone K such that K # @ and AK C K if and only if

1. p(A) is a simple eigenvalue of A

2. p(A) > | 4|, forall 4. # p(A)

A(n) > Aand AK Cc K = dn, |A(n)K C K, Vn > n,
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Sketch of the proof:

Assumption: All the eigenvalues (4,)°

=

, of Aare simple and real

Conditions1and2 = 1, = p(A)and 4, > |4| fori # 1
Fori=1,...,d,let AV, = A,V

d
Let K := {alVl+Zal 5 la; | < ayl,

711

NG

AK=a1/11V1+Za/IV cK
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lllustration of the algorithm

2(n+2)%s,,, =327n* +81n+62)s,,, — 813n+2)Bn+4)s,, sy=1, s, =12

0 1
A(n) = ( —81(3n+2)3n+4) 3(27n*+8ln+62) ) A= ( 7;)9/2 R 11/2 )
2(n + 2)2 2(n +2)? -

1. Cone construction AK C K:

Eigenvalues: y(A) = (X — 27)(X — 27/2)
A A

Basis of eigenvectors: V, = (1,27), V, = (1,27/2) AV, =4V,

Acone: K = {a;V,+ a,V,,a, > |ay| }

Extremal vectorsof K: V, + V,, V, =V,
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K={a,V,+a,V,,a, > |a,|} = {b;(V, +V,) +by,(V;, = V), b, > 0}

AmMKCK © An)(V,xV, CK

2. FindmeN st Vn>mAn)K C K:
3(18n° + 63n + 46) 3(9n? + 45n + 62)

A(”l)(Vl + V2) — Vl + V2
2(n?+4n+4) 2(n? +4n+4)
a, )

—> Solve a system of inequalities in one variable:
{n > 0,(18n° + 63n + 46) > 3(9n* + 45n + 62)} = {n > 0}

Repeat the same steps for A(n)(V, — V,) € K
—>m =0
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3. Test initial conditions:

* Findthefirstng 2 mstlU, € K (Vnz2ny U, € KC R;O)
ny =3

* Check the positivity of the n first vectors U,

Output: Positive, (K, 7))
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Algorithm 2

Input: A(n) € (@[n])dXd, U, € Q4
A(n) —» A € Q™4

Assumption 2: A has one simple dominant eigenvalue 4,

Output: Positive (K, n,)/ Non Positive

1. Construct a cone K such that AK € K

Vandergraft construction

Symbolic and
numerical methods
(Interval analysis)

2. FindmeN st Vun>m AWK CK

3. Initial conditions test:

Find the firstny > mst U, € K

Checkif U, > 0 forn < n,
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Comparaison

® Straub, Zudilin 2014:
2(n + 2)25n+2 =3(27n* + 81n + 02)s,,.; —81Bn+2)3n+4)s,, sy=1,s =12

Algorithme 1: ny = 30
Algorithme 2: ny = 4

* m+ Du, 3 =TTn/30+2u, ., +(—=13n/6 +3)u, ., + Gn/5+2u,, uy=1, u; = 15/14, u, = 8/7

Algorithme 1: ny = 11209
Algorithme 2: ny = 1200
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. [Gillis, Reznick, Zeilberger 83] Forr = 4, d > ()

n,n,n,n

: =Y, i
r r 1,1, 71 °°°F
1 — Zi=1 ti + r!Hi=1 ti

Algorithme 1: —
&
o 1200-
Lo
700~
1000~
600+
&
i 800
15
i A0 600 o
300- o
z 400
200- ‘ o &
<
. 200
100- °
o &
< ” 6
&
- v - e - s . <,> ~ <l> ~ Y ¥ <l> T T 1] T 1
4 6 g 10 12 14 16 18 20 4 6 R 10 12 14 16 18 20
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Conclusion

Positivity is decidable with certificates for all P-finite sequences with one

simple dominant eigenvalue and generic initial conditions.

In progress:

- Sequences with parameters
- Sequences with several dominant eigenvalues which are simple
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